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QUESTION 1 
 
1.1 lnxz y y

x
∂

=
∂

 

 
1xz xy

y
−∂

=
∂

 

  
 
 
 
 
 

 
1.2 tan secz x y=  

2

2
2

sec sec

sec sec tan

z x y
x

z x y y
y x

∂
=

∂
∂

=
∂ ∂

 

2
2

tan sec tan

sec sec tan

z x y y
y

z x y y
x y

∂
=

∂

∂
=

∂ ∂

 

2 2z z
y x x y
∂ ∂

∴ =
∂ ∂ ∂ ∂

 

  
 
 
 
 
 
 
 
 
 
 
 
 
 

 
1.3 2siny θ=                    2cosx θ=  

2cosdy
d

θ
θ
=                 2sindx

d
θ

θ
= −  

2cos
2sin

dy
dy d

dxdx
d

θθ
θ

θ

= =
−

   cotθ= −  

When 1 1
4 tan

4

dyx
dx

π
π= = − = −  

   
 
 
 
 
 
 
 
 
 
 

(3 × 2)  [6] 
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QUESTION 2   
 
2.1 4

2 2

2

2

sin 4

(sin 4 )

1 1( cos8 )
2 2
1 1 1( cos8 cos 8 )
4 2 4
1 1 1 1 1cos8 ( cos16 )
4 2 4 2 2
1 1 1 1( cos8 cos16 )
4 2 8 8
3 1 1( cos8 cos16 )
8 2 8

xdx

x dx

x dx

x x dx

x x dx

x x dx

x x dx

=

= −

= − +

 = − + + 
 

= − + +

= − +

∫
∫

∫

∫

∫

∫

∫

 

   = 3 1 1 1 1. sin8 . sin16
8 2 8 8 16

x x x C− + +  

   3 1 1sin8 sin16
8 16 128

x x x C= − + +  

  

 
 
 
 
 
 
 
 
 
 
 
(5) 

 
2.2 
 

( ) ( )

( ) ( )

2

2 2

2 2

2 2 2

2 2 2

cos3

cos3 ' cos3

sin 3 sin 32
3 3

sin 3 2 sin 3 ' sin 3
3 3

sin 3 2 cos3 cos3. 2
3 3 3 3

x

x x

x x

x x x

x x x

x dx
e

e xdx f x e g x x

x xe e dx

xe e xdx f x e g x x

x x xe e e dx

− −

− −

− − −

− − −

= =

= − −

= + = =

 = + − − − −  

∫

∫

∫

∫

∫

 

( )

2 2 2

2 2 2 2

2 2 2

2 2 2

2

sin 3 2 4cos3 cos3
3 9 9

4 1 2cos3 cos3 sin 3 cos3
9 3 9

13 1 2cos3 sin 3 cos3
9 3 9

9 1 2cos3 sin 3 cos3
13 3 9

3sin 3 2cos3
13

x x x

x x x x

x x x

x x x

x

xe e x e xdx

e xdx e xdx e x e x

e xdx e x e x

e xdx e x e x C

eor x x C

− − −

− − − −

− − −

− − −

−

= − −

∴ + = −

= −

 = − +  

= − +

∫

∫ ∫

∫

∫

 

Alternative for 2.2 : Starting with ( )f x = cos3x   and ( )'g x = 2xe−  

 

  (5) 

 
 
 

 

 

 

 

 

 

 

 

 

Or use
21 1 sin16cos 8

4 4 2 32
1 sin16

8 128

x xxdx

x x

 = − 
 

= −

∫  
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2.3 
 

( )

3 2

3 2 3

3 2 2

3 2 2

3 2 2

4 2

tan 5 (sec 5 1)

(tan 5 sec 5 tan 5 )

(tan 5 sec 5 tan 5 tan 5 )

(tan 5 sec 5 tan 5 (sec 5 1))

(tan 5 sec 5 tan 5 sec 5 tan 5 )

1 tan 5 1 tan 5 1 ln sec5
5 4 5 2 5

x x dx

x x x dx

x x x x dx

x x x x dx

x x x x x dx

x x x C

−

−

−

− −

− +

− + +

∫

∫

∫
∫

∫

 

 

  (4) 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2.4 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2

1
1 3

dx
x x+ −

∫    

                               

2

2

2 2
2

2

2

3 1

3 1

3 33 1
2 2

3 13
2 4

13 3
4 2

x x

x x

x x

x

x

− + +

 = − − − 

      = − − + − −     
       

  = − − −  
   

 = − − 
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2

1

13 3
4 2

dx

x − − 
 

∫  

( )

1
2

1

1

1

1 sin

31
1 2sin
1 13

4
32
2sin

13

2 3
sin

13

bx C
b a

x
C

x
C

x
C

−

−

−

−

+

 − 
 = +

 − 
 = +

−
= +

 

 

Or using the formula   2ax bx c+ + =
224

4 2
ac b ba x

a a
−  + + 

 
 

2 3 1x x− + +  
 

( ) ( )
( ) ( )

2 2

2

2

4 1 1 3 31
4 1 2. 1

4 9 3
4 2

13 3
4 2

x

x

x

− −  = + − + − − 

− −  = − − −  

 = − − 
   

 

 

  (4) 
[18] 
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QUESTION 3   
 
3.1 
 

( )( )
( )( )

( )( )
( )( ) ( )( )

2

2

3 4
1 2

3 4 7 12 8 141
1 2 1 22

x x
dx

x x

x x x x x
x x x xx x

+ +
+ −

+ + + + +
= = +

+ − + −− −

∫
  using long division 

         

( )( )
( ) ( )

( )
( ) ( )

( )( )
( )( ) ( )( )

( ) ( )

8 14
1 2 1 2

8 14 2 1

2 8 2 14 0 (2 1) 10

1 8 1 14 1 2 2

3 4 8 141
1 2 1 2

2 101
1 2

2ln 1 10ln 2

x A B
x x x x

x A x B x

x B B

x A A

x x xdx dx
x x x x

dx
x x

x x x C

+
= +

+ − + −

+ = − + +

= + = + + =

= − − + = − − = −

+ + +
∴ = +

+ − + −

−
= + +

+ −

= − + + − +

∫ ∫

∫

 

 

 
 
 Alternative 3.1  (Note :  Since the numerator and denominator are of second degree 

with coefficients 1 ,  the quotient will be 1 and the remainder will be linear. The 
rational fraction obtained can be resolved into partial fractions  without long division. 
Thus the following can be fully credited) 
 
( )( )
( )( )
( )( ) ( )( )

( )( )
( )( )

3 4
1

1 2 1 2

3 4 1 1 2 ( 2) ( 1)

1 1 3 1 4 ( 1 2) 2

2 2 3 2 4 1 (2 1) 10

x x A B
x x x x

x x x x A x B x

x A A

x B B

+ +
= + +

+ − + −

+ + = + − + − + +

= − − + − + = + − − = −

= + + = + =

 

 
( )( )
( )( )

( ) ( )

3 4 2 101
1 2 1 2

2ln 1 10ln 2

x x
dx dx

x x x x

x x x C

+ + −
∴ = + +

+ − + −

= − + + − +

∫ ∫
 

 

  (6) 
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3.2 

( ) ( )
( ) ( ) ( )

( )

2

22

2 2

2 2 2

2

3 2 4
12 12 1 1

3 2 4 1 2 1

1 3 2 4 2 1 1

3 2 4 2
: 2 3 2 3 5

: 2 2 5 2 3 3

x x Ax B C
xxx x

x x Ax B x C x

x C C

x x Ax Bx Ax B Cx C
x A C A A

x B A B A B

− − +
= +

−+−

− − = + − + +

= − − = + = −

− − = + − − + +

+ = ∴ − = =
− = − ∴ = − = − = =

 

 

( )( )

( ) ( ) ( )

2

22

2 2

2 1

3 2 4 5 3 1
2 1 12 1 1

5 3 1
2 1 2 1 1

5 3ln 2 1 tan 2 ln 1
4 2

x x xdx dx dx
x xx x

x dx dx dx
x x x

x x x C−

− − + −
= +

+ −−

−
= + +

+ + −

= + + − − +

∫ ∫ ∫

∫ ∫ ∫  

 

  (6) 
  [12] 
 
 
QUESTION 4 
 
4.1 

2
2

2 ln ln 2

2

2

2

2

2 2

2

2

2

2 2

2 2
2 2

x

x

dxpdx x xx

pdx x

x x

x x x

x x x

x x x

dyx y xe
dx

dy y e
dx x

e e e e x

Qe dx e x dx

x e xe dx

x e xe e dx

x e xe e
yx x e xe e C

+ =

+ =

∫∫ = = = =

∫ =

= −

 = − − 
= − +

= − + +

∫ ∫

∫

∫

 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  (5) 
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4.2 

  

( )( )

( )

2

2

2

5

2

2

5

4 5 2

4 5 0
5 1 0

5 1

2

2 4 5 2

2 4 4 5 2
16 2
3

1
3

x

x x
c

x

x x

x x x

x x

x x x x x x

x x x x x x

x x

x
p

c p

x

d y dy y e
dxdx

r r
r r

r r
y Ae Be
y Cxe
dy Cxe Ce
dx
d y Cxe Ce Ce
dx

Cxe Ce

Cxe Ce Cxe Ce Cxe e

Cxe Ce Cxe Ce Cxe e

Ce e C

y xe

y y y

y Ae B

−

−

+ − =

+ − =

+ − =

= − =

= +

=

= +

= + +

= +

∴ + + + − =

+ + + − =

= ∴ =

=

= +

= +
1
3

x xe xe+

  

( )

( )

( ) ( )

5

5

0 1 1 ................ 1
1 15
3 3

1 10 0 0 5 5 .......... 2
3 3

4 2 72 1 6 1
3 9 9

2 7 1
9 9 3

x x x x

x x x

x and y A B
dy Ae Be xe e
dx

dyx and A B A B
dx

A A B A

y e e xe

−

−

= = = +

= − + + +

= = = − + + − =

+ = = ∴ = − =

= + +

 

 

  (7) 
  [12] 
 
 
 
 
 
 
 
 

  

 

 

 

 

 
 

 

 

 

 

 

 

  

5x xor y Ae Be−= +  
2 xAlso y Cxe=   which 

will give 1
6

C = Thus
1 12 2
6 3

x x x
py Cxe xe xe= = =  
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5.1 5.1.1 

 

 

 

  (2) 
 
 5.1.2 

 1 2

2
2 2

0
23

1 2

0

3
1 2

2

313
4

13 3sin 13
2 2 4 313

13 2 2 3sin 13 2 0
2 2 4 313

4,822

b

a

A y y dx

x x

x x xx

x

units

−

−

= −

= − −

 
= + − − 
 

= + − − −

=

∫

∫

 

 

( )

( ) ( )

2

2

2

4
4

3 0
3 0

0 3
0 3 0;0 3;3

y x x y x
x x x

x x
x x
x x
y y

= − =

∴ = −

− =

− =

= =

= =

 

 

  (4) 
 
5.2 5.2.1 

 

 

 
 

 

  

  

 

 

 

   

  

 each graph 
  area 
 strip 

 each graph 
  area 
 strip 
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5.2.2 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
5.2.3 

( )

( ) ( ) ( )

2 2
1 2

3
22 2

0
3

2 3 4 2

0
3

2 3 4

0
33 4 5

0

5
3 4

3

4

16 8

15 8

15 8
3 4 5

3
5 3 2 3 0

5

3 10821,6 21
5 5

67,858

b

x
a

V y y dx

x x x dx

x x x x dx

x x x dx

x x x

units

π

π

π

π

π

π

π π π

= −

= − −

= − + −

= − +

 
= − + 

 

 
= − + − 

  

= = =

=

∫

∫

∫

∫

 

 

( )

( )

1 2
1 2

2 2
1 2

3
2 3 4 2 2

1 2
0

2
2

( )

15 8 : 5.2.2

b

m y
a

b

a
b

a

V rdv

y yx y y dv

x y y dx

x x x x dx note y y from

π

π

π

− =

+ = − 
 

= −

= − + −

∫

∫

∫

∫

( )

( ) ( ) ( )

3
3 4 5

0
34 5 6

0

4 5 6

4 4 4

4

4

3

15 8

15 8
4 5 6

15 3 8 3 3
0

4 5 6

729 936,45 39
20 20

114,511
36,45 1,688
21,6

x x x dx

x x x

units units units

units
unitsx units
units

π

π

π

π π π

π
π

= − +

 
= − + 

 

 
= − + − 

  

= = =

=

= =

∫

 

  
 
 
 
 
 
 
 
 
  (3) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  (4) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  (5) 

 

 

  

 

 

 

 

 

 

  

 

 

 
 

 

 

 

1tick for each step or 3 ticks 
even if only this last step 
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5.3 5.3.1 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
5.3.2 
 
 
 
 
 
 
 
 
 
 
 
5.3.3 

 
 
 

( )

2

0

2

0

2

sin 2

cos 2
2

cos 2 cos 2 02
2 2

1

A xdx

x

units

π

π

π

=

 = −  

 
= − − − 

 
=

∫

 

 
2

b

x
a

I r dA= ∫  

2
2

0

sin 2xI x xdx

π

= ∫  

22

0

1 1( cos 2 ) 2 ( cos 2 )
2 2

x x x x dx
π

 = − − −  ∫  

22

0

1 cos 2 cos 2
2

x x x xdx
π

 = − +  ∫  

2
2

0

1 1 1cos 2 sin 2 sin 2
2 2 2

x x x x x

π

  = − + −    
∫  

2
2

0

1 1 1cos 2 sin 2 cos 2
2 2 4

x x x x x

π

  = − + +    
 

21 1 1 1cos 2 sin 2 cos 2 0 0
2 2 2 2 2 2 4 2 4

π π π π π            = − + + − + +            
            

 

40,7337units=  

  
 
 
 
 
 
 
 
  (2) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  (3) 
 
 
 
 
 
 
 
 
 
 
  (5) 

 
 

 

 

 

 

 

  

 
 

  

 

 

 

 

 shape 
  x intercept 
 stoip 
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 5.4.1 

 
2

2 7 49 164 4
2 4 49

y ax a a a   = = = =   
   

 

1
2 2 216 49 7

49 16 4
y x x y x y∴ = = =  

First moment of area   ( )
4

0

6 2
b

a

rdA y xdy= = −∫ ∫  

( )
4 1

2

0

76 2
4

y y dy= −∫  

( )
4 1

2

0

7 6
2

y y dy= −∫  

4 1 3
2 2

0

7 6
2

y y dy
 

= − 
 
∫  

4
3 5
2 2

0

7 6
3 52
2 2

y y
 
 

= − 
 
 

 

43 5
2 2

0

7 24
2 5

y y
 

= − 
 

 

( ) ( )
3 5
2 2

7 24 4 4 0
2 5
 = − −  

         367,2m=  

                                                                              
Second moment= 

      ( )
4 1

22 2

0

76 2.
4

b

a

r dA y y dy= −∫ ∫  

4 1
2 2

0

7 (36 12 ).
2

y y y dy= − +∫  

4 1 3 5
2 2 2

0

7 (36 12 )
2

y y y dy= − +∫  
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  43 5 7

2 2 2

0

7 2 2 236 12
2 3 5 7

y y y
 

= − + 
 

 

( ) ( ) ( )
3 5 7
2 2 2

7 2 2 236 4 12 4 4 0
2 3 5 7
 = − + −  

 

( ) ( ) ( )
3 5 7
2 2 2

7 24 224 4 4 4 0
2 5 7
 = − + −  

 

4262,4
262,4
67,2

m

y m

=

=
 

                  =3,905 m 

 

 
 
  

 
 
 

2 6y ax= −  
272 6

2
a  − = − 
 

    16
49

a =  

( ) ( )
1

2 2 2
16 49 76 6 6
49 16 4

y x x y x y= − = + = +  

 

  (4) 
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 5.4.2 (Alternative) 

( )
2 1

2

6

72 6
4

First moment

y y dy
−

−

 = + 
 ∫

 

( )
2 1

2

6

7 6 6 6
2

y y dy u y y u dy du
−

−

= + = + = − =∫  

                          2 4 6 0y then u and y then u= − = = − =      

   =   ( )
4 1

2

0

7 6
2

u u du−∫   

=
4 3 1

2 2

0

7 6
2

u u du
 

− 
 

∫  

= ( ) ( )
0 45 3 5 3

2 2 2 2

04

7 2 2 7 26 0 4 4 4
2 5 3 2 5

u u
    − = − −    

   
 

= --67,2 m3 
 

 

  (3) 
 
 5.4.3 Second moment  (Alternative) 

 
2

b

a

r dA= ∫  

( )
2 1

2 2

6

72 6 6 6
4

y y dy u y y u
−

−

 = + = + = − 
 ∫ dy du=  

    2 4 6 0y then u and y then u= − = = − =  
14

2 2

0

7 ( 6)
2

u u du= −∫  

10
2 2

0

7 ( 12 36)
2

u u u du= − +∫  

0 5 3 1
2 2 2

4

7 ( 12 36 )
2

u u u du= − +∫  

07 5 3
2 2 2

4

7 2 2 2( 12 36 )
2 7 5 3

u u u
 

= − + 
 

 

 

( ) ( ) ( )
7 5 3
2 2 2

4

7 2 2 20 4 12 4 36 4
2 7 5 3

262,4m

  = − − +  
  

=

 

 
262,4 3,905

67,2
y m= = −

−
 

 

  (5) 
  [40] 
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QUESTION 6 
 
6.1 ln(sec )y x=  

 
1 sec tan tan

sec
dy x x x
dx x

= =   

( )
2

2tandy x
dx

  = 
 

 

2

1
b

a

dyS
dx

 = +  
 ∫  

3
2

0

1 tan xdx

π

= +∫  

3
2

0

sec xdx

π

= ∫  

3

0

sec x dx

π

= ∫  

( ) 3
0

ln sec tanx x
π

 = +   

( )ln sec tan ln sec0 tan 0
3 3
π π = + − + 

 
 

1,317units=  

 

  (6) 
 
6.2 

( )

[ ]

2

1

2 2
2 2

2 2
2 2

2 2

2

0

2
0

2cos 2sin

2sin 2cos

4sin 4cos

4sin 4cos

4 1 4

2

2 2cos 4

8 sin

8 sin sin 0
2

8 25,

y

x y
dx dy
d d

dx dy
d d

dx dy
d d

dx dyA x d
d d

d

θ

θ

π

π

θ θ

θ θ
θ θ

θ θ
θ θ

θ θ
θ θ

π θ
θ θ

π θ θ

π θ

ππ

π

= =

= − =

   = =   
   

   + = +   
   

= =

   = +   
   

=

=

 = −  
= =

∫

∫

2133units

 

 

  (6) 
  [12] 

 
TOTAL:  100 
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