Exemplar examination paper

Time: 3 hours

II Exemplar examination paper “

Marks: 100

/
INSTRUCTIONS AND INFORMATION

1. Answer all the questions.
2. Read all the questions carefully.

question paper.
4. Show all intermediate steps and simplify where possible.
All answers must be rounded off to THREE decimals.

be kept together.
7. Sketches must be large, neat and fully labelled.
8. Start each question on a new page.

9. Only use a black or a blue pen.

10. Write neatly and legibly.
-

3.  Number the answers according to the numbering system used in this

Questions may be answered in any order, but subsections of questions must

\

QUESTION 1

1.1 Determine the following limits:

. 6 -2x
LL1 ngsixlm 22 —V10x -5

1 1

li 5+4x+x
112 xl—gll 2x+ 2

1.2 Given:lny= limSinG -4

1 calculate the numerical value of:
xX— -

1.2.1 Iny
122 y

1.3 Determine the value(s) of x for which f(x) is discontinuous if:

fix) =1

an 3x
Cos 2x

QUESTION 2
2.1 Given: flx) = -3x°

Determine the simplest form of:
2.1.1 flx+h)
2.1.2 fix+h) - flx)

flx+ h) - flx)
3 —

limﬂx +h) - flx)
h—0 h

2.1

2.14

(3)

(2)

(2)
(1)

(2)

[10]

(2)
(1)

(1)
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2.2 Determine % in each of the following cases:
(Simplification not required)
22.1 y=tan[(7 - x*) (In x)’] 4)
222 y= 3\/cos(ll —xz) +Vln x (4)
. 2
2.3 Calculate % ity= % with the aid of logarithmic differentiation. (4)
-x
2.4 Determine % of implicit function cos(x” + 3y) + xe’ =5 (5)
[22]

QUESTION 3
3.1 Given: flx) =4x’ - 10x + 3

3.1.1 One root of the equation 4x> - 10x + 3 = 0 is close to 0,3.

Use Taylor’s/Newton’s method twice to determine a better

approximation of this root (root correct to THREE decimals). (4)
3.1.2 Determine the coordinate of the point of inflection of f{x). (2)
3.1.3 Draw up a table of x and f{x), where x ranges from x = -2 to x = 2. (2)

3.2 Your customer needs an enclosed rectangular box that will hold 20 m>. You
are not given any dimensions, but the base must be five times longer than it
is wide. You determine that the cost of material for the sides is R4/m” while
the cost of the material for the base is R16/m”.

Calculate the dimensions of the box that will minimise the cost. (6)
[14]
QUESTION 4
4.1 Determine [y dx in each of the following cases.
4.1.1 y=sec’ 3x(7 tan 3x — tan”® 3x + 5) (4)
3x+4
412 y=—F—F— 4
Y V1 - 16x° )
_5x° - 23x7 +15x + 12
4.1.3 Y= 5x+2 (5)
4.1.4 y=cos’xsinx (3)
415 y= tan® x (6)

4.2 Determine [y dx by resolving the integral into partial fractions:

_ x+8
Y= Go3x+D (5)
[27]

QUESTION 5
5.1 Evaluate the integral:

leo[(anx) L dx (5]

X e +2
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QUESTION 6
Given: y = 4x - 2x” and the x-axis.
6.1 Calculate the coordinates of the points of intersection. (2)
6.2 Make a neat sketch to show the enclosed area, the representative strip and
the point of intersection. (2)
6.3 Calculate the magnitude of the area in QUESTION 6.2. (3)
6.4 Calculate the volume of the solid of revolution formed when the area in
QUESTION 6.2 is rotated about the x-axis. (4)
[11]
QUESTION 7

7.1 Calculate the moment of inertia of a flywheel of radius 30 cm and thickness
of 3 cm about an axis through its centre and perpendicular to the flywheel.
The mass of the flywheel is 15 kg.

e
N,

[4]

QUESTION 8

8.1 Determine the particular solution of:
dy X
—=-—=at(2;0 4
= e (B0 (4)

8.2 Determine the general solution of:
Zy 2
secx.—=1+tanx +
dx’

(3)
[7]
TOTAL: 100

COS X
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Formula sheet

Any applicable formula may also be used.

Trigonometry

sin®x + cos’x =1 cos’x =1-sin’x

1 + tan’x = sec’x tan’x = sec’x — 1

1 + cot’x = cosec’x cot’x = cosec’x - 1

sin 2A =2 sin A cos A

cos 2A = cos® A - sin® A

tan 2A = 2tanA tan?
l1-tan"A

sin’A = %(1 - cos 2A)
cos’A = %(1 + cos 2A)
sin A+ B=sin A cos B + cos A sin B

coSA+B=cosAcosBFsin AsinB

tan A + tan B

+B=
tanA+B 1¥tan Atan B

sin A cos B = % [sin(A + B) + sin(A - B)]
cos AsinB = % [sin(A + B) - sin(A - B)]
cos A cos B= % [cos(A + B) + cos(A - B)]

sin A sin B ==[cos(A - B) - cos(A + B)]

1
2

sin x

;sinx=#; CoS X =
cosec x seC X

tan x =

cotx = Cf)S X; COSEC X = .L; S€C X =
Sin X Sin X COS X

Binomial theorem

(x+h)"=x"+nx"h+ n(z'/lx_ll)x”'zl12 + 2 TS
Differentiation

_ f@
TP

r=a+e

(n-1)(n-2)

: 2 2
sin“x=1-cos"x

x"h+

...forneN



Table of differentiation and integration

|| Formula sheet “

d
flx) piC [f(x)dx
a 0 ax+c
x" nx™! X +C, (nz-1)
n+1 >
n d n_ n-1 n _ ax"!
ax a—-x" = nax afx dx—n+1
e* e’ e +c
X X ax
a a‘lna —+C
Ina
In x 1 _
X
1 1
08X xIlna I
sin x CcOS X -cosx+ C
COS X —-sin x sinx+ C
tan x sec’x In(sec x) + C
cot x —cosec’x In(sin x) + C
sec x sec x tan x In(sec x + tan x) + C
cosec x —COSeC X COS X In(cosec x + cot x) + C
sin”! x 1
1-x*
cos™ x -1 -
1-x
tan"' x 1
1+x
cot™ x -1 >
1+x
sec' x 21
x" -1
cosec™ x _21
x\Nx“ -1
1 1/X C
—— sin (—) +
a’-x a
> 1 5 Ltan 1(5) +C
a +x a a
1 1 1/X
—_— =sec (—) +C
xVx* +a’? a
2
a’ - x* %sm’l%) +§\/a2—x2+C
1 1 1 X-a
—In + C
x2_ g2 _— 2a <x+ a)
1 1 1 a+x
—In +
a’—x? I 2a (a—x) C
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Product rule Quotient rule Chain rule
u(x)
vy = u(x).v(x) =0 y = flu(x))
dy du dv
— =V.—.—+ U.— v@—uﬁ Q—ﬂ@
dx dx dx dy _ M dx  du’dx
=v.au'+uv' dx v
v -uv
=S
Integration

[f(x).g'(x) dx = flx).g(x) - [f(x).g(x)dx
J0)" £ o) e = S

frgdx=tn fr) + C

fx) __A B
(ax+b)cx+d) ax+b cx+d

+C(n#-1)

f) _ A B c_, z
x+a)" x+a x+a)? G+a)’ T x+a)"

Applications of integration
Areas
b b
Ax:faydx;szfu(yT—yB)dx
d d
Ay=fcxdy;Ay= fc (xg = x,) dy

Volumes
Vo=nrds v =nf (1 -5, )
vV, = thcdxzdy; vV, = nfj(x}i—xi) dy

SCCOlld moments Of area
Ix_far dA,Iy_fCr dA

Moments of inertia

Mass = density x volume
m=pV

Definition: I = mr?

General: I = fahrz dm = pfabrde
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QUESTION 1
. 6 - 2x 0
L1 L1l limeeee e — (6)
. -2
:LIIE 1 A

2WNx+22 2V10x-5

20

1.1.2 lim@ . (9)

x—-1 2.X +2 0

- lim (5 +4x)? x2/
_x—>—1 2
-3
14 (2)
_1..sin(x-4) 0
12 121 Iny=lim®t%=2 . (2)
cos(x - 4)
_13} 1 v
=1v (2)
122 y=e'=ev/ (1)
1.3 f(x) is discontinuous if cos 2x = 0
cos2x=0
2x =90°
S.x=45° or x=135" (2)
[10]
QUESTION 2
2.1 flx)=-3x°
2.1.1 fix+h)=-3(x+h)°
B 3x6h0 6x°h  30x*h*  120x°h’
B I T VR TR Y
=-3x° - 18x°h - 45x*h* - 90x’ W’ + ... /v (2)
2.12 fix+h) - f(x)
= —18x°h - 45x*h* - 90x* W’ + ... v/ (1)
A
2.13 M:—18x5—45x4h—90x3h2+.../ (1)
h) -
214 iSO ey (1)

h—0 h
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d
2.2 Determine d_z in each of the following cases:
221 y=tan|(7 - x°) (Inx)?|
d
d—i =sec?[(7 = x*)(In %)} x [—3x(ln 0+ (7-x%) x2Inxx %] Y
3
=sec’[(7 = x*) (In %)% x [—3x(ln x)+ W} v (4)
222 y= 3\/cos(ll -x?) +VInx
d =3 -
d—y =1 [cos(ll -x*) +VIn x] ' x [—sin(ll “x) x2x+ 1 (n K7 x l] V4
x 3 2 x
=3
:l[cos(ll—xz) +Vlnx]4 X [—2xsin(11—x2)><2x+ v (4)
3 2xVIn x
. 2
23 _ sin(6x + x?)
(7-x%°
In y = In sin(6x + x*) - 3 In(7 - x*)
d
11 s cos(6x +x7) x (6 +2x) - ———x (-4x°) vv/v
ydx  sin(6x + x?) (7-xY
dy _ [6+2x)cos(6x +x%) 124
dx sin(6x + x?) 7-x"
dy _ sin(6x + x*) [ (6 + 20)cos(6x + x*) | 12x° v (4)
dx  (7-x*)° sin(6x + x?) 7-x"
24 cos(x*+3y)+ xe’ =5
. 2 dy y2 yz dy
—sin(x* +3y) x [2x + 3| +e’ +2xpe” —=0vV
d 2 2 d
~2x sin(x* + 3y)-3sin(x* + 3y)d—i) + e’ + 2xye’ d_i =0/
d 2 2
d—i[nyey - 3sin(x*+ 3y)] =2xsin(x*+3y) ¢’ v
dy 2x sin(x2 + 3)/) —e” 5)
dx 2xyeyl - 3sin(x* + 3y)
[22]
QUESTION 3
3.1 Given: flx) =4x’ - 10x + 3

3.1.1 Let X, = 0,3

£0,3)=0,108
£(03)=-892v
x,=03 -2

=0,312



Now use X, = 0,312 v/
(0,312) = 0,001
£(0,312) = -8,831
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x,= 0,312 - S0
=0312v (4)
3.1.2 flx) =4x’ - 10x + 3
f(x0) =12x*-10
f'(x) =24x
24x=0—x=0V
f0)=3
The coordinate of a point of inflection is (0; 3) v/ (2)
3.13
X -2 -1 0 1 2
fix) 9 9 3 3 15 )
3.2 Volume = length x width x height
=5wxwxh=5w"h
Required volume: 20 = 5w’ h
Cost = 4Q2lh + 2wh) + 16(2Iw) v
= 4(10wh + 2wh) + 16(10w?)
= 48wh + 160w’
= (48w x iz) + 160w
w
~C=22 1160w v
C'= -2+ 320w v
Cost at a minimum where C' = 0.
92 s0w=0v
w
320w’ =192
cow=0,843;1=4,217; h = 5,629 v (6)

[14]
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QUESTION 4
4.1 Determine [y dx in each of the following cases.

4.1.1 y=[sec’3x(7 tan 3x - tan’3x + 5)dx

du

Let u = tan 3x; 2= = 3 sec’3x; A _ cec3x dx /

;dx 3

y=%f7u—u2+5du

_1(7,0 15
—3<2u U +5u)+C
7 2 1 3 5
=gtan 3x—§tan 3x+§tan 3x+CvvVV/
3x+4
3x 4
= dx + dx
f\ll - 16x° f\h — (4x)?

Letu=1-16x*and v = 4x;

du_ . du
a = —32X, 32

dv _
E— =dx

=xdxv

4;T

avv/

-3 = 4 1
= — 2 —
y=glundus il =
=_—u%+ésin'1v+C
16 4

1
- 1—2(1 ~16x)? +sin"4x + C Vv

5x° - 23x% + 15x + 12
413 y=] e dx

=[x*-5x+5+ dx

2
5x+2

_x
B

X%+ 5x+ %ln(Sx +2)+C VIV

o |

4.1.4 y=[cos’xsin x dx
Letu=cosx
du=-sinxdxv
y=-[u'duv

_ 1 4
—4u+C

= —icos‘*x +CVv

4.1.5 y=[tan’ x dx
[tan’x dx = [tan’x tan x dx
= [(sec’x - 1)tan x dx
= [sec’x tan x dx — [tan x dx v/

= [sec’xtan x dx - Insecx + C v/

(4)

(4)

(5)

(3)
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Let u = tan x; du = sec’x dx v/
2
Then [sec’x tan x dx = [u du = % +C, v

2
u

AR Insecx+C+C,

2
=tagx—lnsecx+K/./ (6)

4.2 Determine [y dx by resolving the integral into partial fractions:

_ x+8
=l ™

x+8 _ A + B
x-3x+1 x-3) (+1)

x+8=Ax+1)+Bx-3)v
x+8=Ax+A+Bx-3B
SCA=2B=-1vV

_ 2 _ 1
r=lam ™

=2In(x-3)-In(x+1)+CvvV (5)
[27]
QUESTION 5
10[(In 2x)? e*
5.1 fz [—x | dx
10 (In 2x)2 U
=), T [ g

Let u =1n 2x dx; du%dx
z=e"+2;dz=e"dxv
=Iu2du+f%dz/

5 10
% + In(e* + 2)] v
2

3
(In20)° | 1 (p10 4 2)] - [(ln D4 In(e? +2)| v

3 3
=15,834 v (5]
QUESTION 6
6.1 4x-2x*=0
2x2-x)=0

S.x=0o0rx=2
and y =0
The co-ordinates are (0; 0) and (2;0) vV (2)
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6.2
y
A
5 = 4x - 2x°
(0; 0) ’ (2; 0)
< > X
-4 -2 2 6
F \
\ 4
(2)
b
63 A= ydx
A:f:4x—2x2dx./
_ 2 2 3]
= [Zx —gx ]O/
_ 2 2,53 2 2/0\3
=207 -2 - 20y -3 @
_g 16
= 8-
- 2% = 2,667 units? v/ (3)
6.4 V=nf()2(4x—2x2)2dx
2 2 3 4
:nfomx —16x> +axtdx vv
:n[16x—3—4x4+4x—5]2/
3 51,
= TrH162—3 4" + 42—5] - [0]]
3 5
:%n = 13,404 units’ v (4)
[11]

QUESTION 7

7.1 Moment of inertia is: %rz dm

di, =" dm v
1 0,03
lz = Erz fo dmyv
- %(0,03)2(15) v

= 0,007 kg.m’ v/

[4]
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QUESTION 8
81 Yo x
dx — ye
ydy= —xe ™ dx
2
L=2e*+Cvv
2 2
27=%e'° +C
c=11
~C=15v
2
Toae 1y @
dzy x2
82 secx.—5=1+tanx+
dx COos X

d’ )
d—);zcosx+smx+x2/
X

dy ) x°
E-—smx+cosx+?+C1/
x4
y=-cosx-sinx+35+Cx+C, v/ (3)

[7]
TOTAL: 100





